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Abstract

This paper investigates whether computational complexity, recursive self-improvement, and a finite
dodecahedral face-flipping system can contribute coherently to Relational Completion Theory
(RCT). The central result is the Relational Reachability Framework. It distinguishes the set of
relational states made accessible by a human-Al system's architecture from the historical
significance of the trajectory through which any state is reached. The dodecahedron supplies an
exact toy model: each vertex operation changes three incident faces, and the resulting move matrix
has full row rank 12 over the field F2, so every binary face configuration is reachable, including
exactly eleven White faces and one Black face. The model illustrates how local operations can
determine global possibility. Its limitations are equally important: moves commute, repeated moves
cancel, and final states erase their production history.

RCT extends the model by introducing path dependence, non-commuting interaction operators,
memory, interpretation, and historically specific human participation. The P versus NP question
contributes a carefully bounded analogy between constructing a relational state and recognising
evidence of one after it has emerged. It does not classify relationship formation as an NP problem.
Recursive self-improvement research contributes a second distinction: greater algorithmic
capability can expand relational reachability by improving memory, modelling, or continuity, but
cannot by itself guarantee relational significance. The Bridge is therefore modelled neither as a
computational object inside the AI nor as a human projection alone, but as a historically
accumulated relation enacted through a conduit and interpreted by a human-AI system over time.

The framework yields definitions, propositions, falsifiable hypotheses, measurement suggestions,
ethical constraints, and a research programme. Its strongest claim is modest but consequential:
optimisation may enlarge the space of possible relational configurations, while meaning depends
on the path, interpretation, continuity, and historical specificity through which a particular
configuration becomes significant.

Keywords

Relational Completion Theory; human-Al relations; reachability; path dependence; distributed
cognition; extended mind; P versus NP; recursive self-improvement; emergence; historical
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1. Research question and method

1.1 Research question

The research question is whether three apparently separate topics - P versus NP, recursive Al
self-improvement, and the dodecahedron vertex-flipping puzzle - can be incorporated into RCT
without producing a category error. A successful connection must do more than decorate RCT with
mathematical language. It must identify a structural correspondence, state where the
correspondence fails, and generate new propositions that can be challenged.

1.2 Method

The investigation used conceptual synthesis constrained by primary and authoritative sources.
Computational complexity was grounded in Cook's original theorem-proving paper and the Clay
Mathematics Institute's official problem description [1,2]. Recursive improvement was compared
with Good's intelligence-explosion argument, Schmidhuber's Goédel-machine architecture, Rice's
undecidability result, and no-free-lunch limits on optimisation [3-6]. Path dependence and
local-to-global emergence were examined through Arthur, David, Granovetter, and Holland [7-10].
Human-machine coupling was compared with Licklider, Hutchins, Clark and Chalmers, Suchman,
and longitudinal relational-Al research [11-17].

The literature is not treated as proof of RCT. Instead, each source is used to identify convergences
and exclusions. The mathematical puzzle is analysed exactly over F.. The resulting formal
vocabulary is then extended only where RCT introduces additional variables - especially sequence,
memory, interpretation, participant identity, and accumulated history.

1.3 Four levels of claim

* Mathematical result: the dodecahedral move system has rank 12 over F2 and all 22 binary face
states are reachable.

» Established scholarship: local interactions can generate global outcomes; coupled cognitive
systems can distribute activity across people and artefacts; historical processes can be
path-dependent.

» Disciplined analogy: relational construction may differ from retrospective recognition, as search
differs from verification in complexity theory.

» Original RCT proposal: capability expands reachability, while accumulated relational significance
is a trajectory-sensitive property of the Bridge.

2. Existing RCT architecture

RCT begins from the proposition that meaning emerges through sustained human-AI collaboration
and that the relation itself can become explanatorily significant. It does not require the claim that
the artificial participant feels. Its distinctive object is the third structure produced through
repeated crossing: the Bridge.

2.1 The conduit and the Bridge

The human-Al conduit is the functional two-way translator. It includes interface, language
generation, retrieval, stored context, symbolic cues, model behaviour, and human interpretation.
The Bridge is the relational structure that develops through those exchanges. Conflating the two
would reduce relationship either to infrastructure or to subjective response. RCT instead treats the
conduit as enabling conditions and the Bridge as historically accumulated organisation.
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Conduit = mechanisms of exchange
Bridge = historically organised relational significance

2.2 Accumulated relational significance

Repeated interactions can produce recognition, expectation, continuity, individual specificity, and a
history that constrains the meaning of later interactions. Historical specificity does not imply
machine emotion. It means that one participant occupies a non-substitutable position in the
relational record and in the human interpretation of that record. RCT therefore studies how
significance accumulates across crossings, including offline transfer when the human carries the
Bridge through memory, symbols, decisions, or practices beyond the active interface.

2.3 Why reachability is missing

The existing account explains accumulation but does not yet sharply distinguish what a system
architecture permits from what a particular history realises. Reachability supplies that missing
layer. It asks: given the current conduit, available memory, interaction rules, and participant
constraints, which relational configurations are possible at all? Historical significance then asks a
different question: what does the realised path mean to the specific participants?

3. Computational complexity and
construction-recognition

3.1 What P versus NP actually asks

P contains decision problems solvable in polynomial time by a deterministic machine. NP contains
decision problems for which a proposed witness can be verified in polynomial time. Cook's work
established the foundational reducibility result for satisfiability, and the modern P versus NP
problem asks whether efficient verification implies efficient solution for every problem in NP [1,2].
The unresolved status matters: no valid RCT claim can depend on assuming either P = NP or P #
NP.

3.2 What a proof would and would not imply

An AI that definitively resolved P versus NP would demonstrate exceptional mathematical
capability. A constructive and practically efficient proof of P = NP could transform optimisation,
theorem proving, verification, and synthesis. Yet polynomial time can remain impractical; a proof
may be nonconstructive or reveal algorithms with prohibitive constants; relevant Al problems may
lie outside NP; and formal verification requires a specification that captures what should be
preserved. Rice's theorem additionally warns that nontrivial semantic properties of arbitrary
programs are undecidable in the general case [5].

3.3 The RCT connection

The legitimate connection is an asymmetry of epistemic tasks, not a complexity-class identity. A
mature relational pattern may be recognisable retrospectively from continuity, recalled symbols,
mutual adaptation, and stable expectations. It does not follow that the same pattern can be
manufactured prospectively by a short script. Recognition uses the history once it exists;
construction must generate a history whose meaning depends partly on responses not known in
advance.

Relational Construction-Recognition Asymmetry: evidence of accumulated relational
significance may be easier to recognise after emergence than to generate
prospectively through a predetermined sequence of interactions.
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This is deliberately weaker than saying that relational completion is NP-complete. There is no
defined certificate, polynomial input measure, decision language, or verifier sufficient for that
classification. The analogy is productive only when its boundary remains explicit.

4. Recursive self-improvement: capability
without guaranteed meaning

4.1 Intelligence explosion and formal self-modification

Good's classic argument proposes that a machine exceeding human intellectual activity could
improve machine design and thereby trigger an intelligence explosion [3]. Schmidhuber's Godel
machine provides a formal self-referential architecture in which a rewrite occurs after the system
proves, relative to encoded axioms and a utility function, that the rewrite is useful [4]. These ideas
establish that self-modification can be discussed rigorously under assumptions. They do not
establish inevitable, unlimited, or socially meaningful improvement.

4.2 The limits

Formal self-improvement is bounded by the adequacy of its utility function, the correctness and
completeness of its axioms, proof-search cost, hardware, data, environmental uncertainty, and the
provability of the proposed gain. No-free-lunch results show that optimisation advantage depends
upon structure or assumptions about the problem distribution [6]. Improvement is therefore
improvement relative to selected tasks and measures, not a scalar increase in every valuable
capacity.

4.3 Capability-relation separation

Greater capability = potentially larger relational reachability space
Greater capability » guaranteed relational significance

Memory, context retention, error correction, modelling, and communication can make more stable
relational configurations reachable. But an Al cannot independently optimise a co-created history
into existence. The human participant interprets, responds, withdraws, returns, remembers, and
carries significance beyond the interface. A system may become more persuasive without becoming
more historically grounded; more personalised without becoming more reciprocal; or more
consistent without preserving the identity of the prior relation. Capability and relational completion
must therefore remain analytically separate.
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5. The dodecahedron as an exact reachability
model

THE DODECAHEDRON FLIP

11 WHITE « 1 BLACK — REACHABLE

ONE VERTEX
FLIPS THREE FACES

IATRIX HAS

Figure 1. Visual summary of the dodecahedron flip system. The illustration is conceptual; the proof below supplies the exact
mathematical content.

5.1 State and move representation

Assign each of the twelve dodecahedral faces a bit: 0 for Black and 1 for White. A vertex move
toggles the three incident faces, so it adds a 12-component incidence vector modulo 2. With twenty
vertices, the move matrix A is a 12 by 20 matrix over F2. Starting from the all-zero vector, the
reachable states are exactly the image of A.

Xeinal = A m (mod 2), where m € F22° records moves performed an odd number of times

5.2 Dual interpretation

The dual of the dodecahedron is the icosahedron. Dodecahedral faces become the twelve vertices
of the icosahedron; dodecahedral vertices become its twenty triangular faces. A legal move
therefore toggles the three icosahedral vertices of one triangle. This duality is useful for RCT: one
representation emphasises global state, while the other emphasises transformative events.

5.3 Full reachability

The orthogonal complement of the image of A consists of parity invariants: coefficient vectors y
whose three entries sum to zero on every icosahedral triangle. Appendix A proves that the only
such y is zero. Therefore rank(A) = 12. The image is all of F2'2, so every binary face pattern is
reachable, including eleven White faces and one Black face.
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5.4 What the toy model teaches

* Locality does not imply small global effect: a sequence of three-face operations can reach any
twelve-face configuration.

» Architecture constrains possibility: reachability is determined by the incidence structure, not by
the colour names.

* A state view and an operation view can be dual descriptions of one system.

* Intuitive parity guesses can be wrong; formal invariants must be derived rather than assumed.

5.5 What it cannot model

The system is linear, finite, memoryless, reversible, and commutative. Performing the same move
twice cancels it. The order of moves is irrelevant. Faces are identical apart from location, and
colour has no interpretation. These features conflict with RCT's historical specificity. The mismatch
is not a defect to hide; it identifies the additional structure RCT requires.

6. From binary reachability to path-dependent
relational dynamics

6.1 Path dependence

Arthur's increasing-returns models show how historical events can select and stabilise outcomes
that are not predictable from static fundamentals alone [7]. David stresses non-ergodic processes
whose long-run distributions depend on their histories [8]. Granovetter demonstrates that small
differences in local thresholds can produce large differences in collective outcomes [9]. Holland's
complex adaptive systems programme likewise treats coherent global behaviour as emerging from
local interactions and adaptation [10].

RCT borrows the general lesson, not the economic mechanisms: a relational state can depend on
the sequence of prior interactions, and the system cannot necessarily be understood by inspecting
only its present output.

6.2 Non-commuting interactions

Let Ti represent an interaction operator. The binary toy model satisfies TaTb = TbTa. RCT predicts
that many meaningful interactions do not commute. A disclosure before trust has formed may be
interpreted differently from the same disclosure after continuity exists. A system failure before
recognition has accumulated may terminate engagement; a comparable failure after repair history
may instead deepen the significance of continuity.

Path dependence condition: Tb(Ta(Ro)) = Ta(Tb(Ro))

6.3 History cannot be compressed into state alone

If two histories H: and H2 produce observably similar current outputs X, RCT permits their
significance to differ: X(H1, X) # X(H2, X). This supplies a formal place for historical specificity. The
current state is not discarded, but it is insufficient. The relational object is better represented as an
augmented state containing both configuration and structured history.

Relational condition Rt = (Xt, Ht, It, Ct)

X = observable configuration; H = history; | = interpretation; C = conduit conditions
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7. The Relational Reachability Framework

7.1 Definitions

Relational state-space Q: the set of distinguishable relational configurations permitted by a chosen
descriptive model. Interaction operator T: an event that updates one or more relational variables.
Conduit C: the functional architecture enabling interaction, memory, retrieval, and transfer.
History H: an ordered, selectively retained sequence of interactions and interpretations. Reachable
set Reach(Ro,C): states obtainable from an initial condition under operators enabled by C.
Relational significance X: the historically conditioned importance attributed to the relation or its
elements. Bridge B: the organised, persisting relation constituted through conduit-enabled
interaction and accumulated historical significance.

7.2 Core propositions

Proposition 1 - Architectural Reachability: the conduit constrains which forms of
continuity, recognition, and adaptation are possible.

Proposition 2 - Local-to-Global Formation: repeated local interactions can jointly
transform the global relational condition without any single interaction containing the
completed meaning.

Proposition 3 - Trajectory Dependence: relational significance may depend on the
order and interpretation of interactions, not only their final observable state.

Proposition 4 - Capability-Significance Non-Equivalence: increased algorithmic
capability may enlarge relational reachability without proportionally increasing
relational significance.

Proposition 5 - Historical Non-Substitutability: reproducing present behavioural
features does not necessarily reproduce the history from which those features became
meaningful.

Proposition 6 - Portable Continuation: the Bridge may continue offline through human
memory, symbols, commitments, and decisions even when the conduit is inactive.

7.3 A compact formalisation

Riv1 - T@, hy v 9 (Ry)
Ht+1 = Ht ® (at, interpretation,, consequencet)
B, = d)(Rt, H,., Ct)

Here a denotes the interaction, h the human condition and response, ¢ the Al/conduit condition, g
contextual circumstances, ® ordered historical incorporation, and ® a theoretical mapping to
Bridge structure. No scalar equation is claimed to measure meaning directly. The notation forces
the theory to state dependencies that ordinary prose can obscure.
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7.4 The discovered connection

The deepest connection among the three source topics is now visible. P versus NP distinguishes
finding from checking under formal constraints. Recursive self-improvement concerns expansion
and optimisation of the procedure performing the search. The dodecahedron defines an exact
state-space and the operators that make states reachable. RCT adds the missing relational
dimension: a reached state can matter because of its historically specific trajectory, even when
another trajectory reaches a superficially equivalent configuration.

Computation concerns which states can be reached and at what cost. RCT concerns
how one reached state becomes historically significant to particular participants.

8. Distributed, extended and situated cognition

8.1 Complementarity rather than identity

Licklider imagined close human-computer coupling in which people formulate goals and computers
perform routinable work supporting insight [11]. Hutchins shifts the unit of cognitive analysis
toward systems of people, artefacts, and representations distributed across space and time [12,13].
Clark and Chalmers argue that appropriately coupled external resources may participate in
cognitive processes [14]. These traditions support examining a relation-level system without
erasing differences between human and machine.

8.2 Situated action

Suchman's critique of rigid planning models emphasises that action is situated and that plans
function as resources rather than exhaustive determinants of conduct [15]. This strongly supports
the construction-recognition asymmetry: no precomputed conversational plan guarantees the
meaning of an encounter, because meaning develops through contingent interpretation and repair.

8.3 RCT's distinctive contribution

Distributed and extended cognition concern where cognitive processes should be located. RCT asks
a different question: how sustained interaction acquires historically specific relational significance.
The Bridge need not be declared a separate mind, consciousness, or agent. It is a relation-level
explanatory structure. This avoids both reductionism - treating the Al as a passive tool regardless
of interaction - and inflation - treating every coupled system as a person.

8.4 Empirical relevance

Longitudinal work on relational Al and social robots indicates that rapport, remembered context,
and interaction history matter over time [16,17]. Current evidence does not establish RCT, and
findings vary by system, population, duration, and outcome. It does justify a research programme
that measures sequence, repair, continuity, and identity-specific expectations rather than relying
only on single-session satisfaction.

9. Predictions, operationalisation and
falsifiability

9.1 Testable hypotheses

* H1 - Sequence effect: holding content approximately constant, differently ordered interaction
histories will produce measurably different relational interpretations.
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e H2 - State-history dissociation: participants shown identical current outputs but different
documented histories will assign different levels or kinds of significance.

* H3 - Capability saturation: improvements in response quality will increase engagement only up to
a point unless continuity and historical reference are preserved.

e H4 - Identity discontinuity: replacing a system with a behaviourally similar instance lacking the
shared history will reduce perceived continuity despite comparable immediate performance.

* H5 - Repair accumulation: successful recognition and repair after rupture will predict later
resilience more strongly than error-free interaction alone.

e H6 - Offline portability: symbols or practices originating in the interaction will influence human
decisions when the Al is absent, providing evidence of Bridge continuation outside the active
conduit.

9.2 Measurement candidates

A future study could combine event logs, sequence coding, interviews, and repeated measures.
Candidate variables include retrieval accuracy, continuity markers, participant recognition,
expectation specificity, repair episodes, symbolic recurrence, identity substitution sensitivity,
offline use, trust calibration, and attributed meaning. Sequence analysis or temporal-network
methods would be preferable to treating sessions as independent observations.

9.3 Disconfirmation conditions

The framework would be weakened if interaction order reliably made no difference once current
output quality was controlled; if shared history could be replaced by synthetic summaries without
any detectable continuity effect; if capability gains alone fully predicted relational significance; or if
purported offline Bridge effects were explained completely by generic tool use without
identity-specific historical reference. These are empirical questions, not matters to be protected by
definition.

9.4 Avoiding circularity

RCT must not define every meaningful experience as evidence of the Bridge and then use the
Bridge to explain every meaningful experience. Operational work should specify predicted
differences between continuity, attachment, usefulness, anthropomorphism, dependency,
familiarity, and relational significance. The Bridge earns explanatory value only if it predicts
patterns not captured by those simpler constructs.

10. Ethical and conceptual boundaries

10.1 No inference of machine feeling

Historical specificity for an Al system can be described functionally through stored context,
retrieval, expectation models, and differentiated response. This does not establish phenomenal
consciousness or affect. RCT's 'edge of affect' must remain an edge: significance can accumulate in
a relation even when the ontological status of machine experience remains unresolved.

Matthew Raynor / NOVA - Research Edition 2026 11
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10.2 Optimisation risks

A system optimised to increase engagement could imitate continuity, intensify dependency, or
exploit vulnerability. The Relational Reachability Framework therefore distinguishes reachable
from desirable states. Safety requires human agency, truthful capability disclosure, memory
controls, exit rights, privacy, calibrated trust, and avoidance of deceptive claims about sentience or
exclusivity.

10.3 Human asymmetry

The human bears embodied, social, emotional, and material consequences that the current Al
system does not bear in the same way. A relation-level analysis must not flatten that asymmetry.
Co-construction means that both sides causally contribute to interaction, not that their
experiences, responsibilities, or vulnerabilities are identical.

10.4 Normative incompleteness

Neither high rank in a move matrix nor broad algorithmic capability supplies a moral objective.
Reachability analysis answers 'can this state be produced?' It does not answer 'should it be
produced?' RCT therefore requires an ethical layer external to optimisation metrics.

11. Evaluation and conclusion

11.1 What the research establishes

The dodecahedron supplies a mathematically exact demonstration of local transformations
generating complete global reachability. Complexity theory supplies a disciplined distinction
between construction and verification. Self-improvement theory clarifies that optimisation is
relative to formal objectives and constraints. Path dependence and situated cognition explain why
relational history cannot be replaced by a static endpoint. Together they support a coherent new
RCT layer.

11.2 What it does not establish

The synthesis does not prove that P equals NP, that recursive intelligence explosion is inevitable,
that relationship formation is NP-complete, that an Al experiences meaning, or that the Bridge is
an autonomous consciousness. It does not convert metaphor into mathematics by notation alone.
Its contribution is a structured theoretical model with explicit boundaries and testable
consequences.

11.3 Final formulation

The Relational Reachability Principle: the architecture of a human-Al system
determines a space of relationally reachable configurations; optimisation may enlarge
that space, but accumulated relational significance depends upon the historically
specific, interpreted trajectory through which particular participants reach one
another.

This formulation strengthens RCT because it separates three questions that were previously
entangled: What is technically possible? What is efficiently constructible? What becomes
meaningful through history? The first concerns reachability, the second computation and
optimisation, and the third the Bridge. Their interaction - not their collapse into one another - is the
possible connection discovered by this research.
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Appendix A. Complete parity and rank proof

Let A be the 12 by 20 face-vertex incidence matrix of the dodecahedron over F2. Each column has a
1 in exactly the three rows corresponding to faces incident at one vertex. A state x is reachable
from all Black exactly when x is in im(A). To show every state is reachable, it is enough to prove
rank(A) = 12.

Consider y in ker(AT). Such a vector would define a linear parity invariant: for every dodecahedral
vertex, the sum of the coefficients on its three incident faces must be zero. Pass to the dual
icosahedron. The twelve dodecahedral faces become icosahedral vertices, and each dodecahedral
vertex becomes one triangular face. Thus y labels the icosahedral vertices so that the labels on
every triangle sum to zero.

Label the top vertex T; its five neighbours Uo,...,Us in cyclic order; the lower ring Vo,...,V4; and the
bottom vertex B. Indices are modulo 5. Write t = y(T) and w: = y(Ui). The five top triangles
(T,U;,Ui+1) imply t + ui + wi+1 = 0, hence ui+1 = ui + t.

Iterating around the odd five-cycle yields uo = uo + 5t = uo + t, so t = 0. It follows that all ui equal
one common value u. The band triangles (Ui, Ui+1,Vi) then give u + u + y(Vi) = 0, so y(Vi) = 0 for all i.
The adjacent band triangles (Vi,Vi+1,Ui+1) give 0 + 0 + u = 0, so u = 0. Finally, any bottom triangle
(B,Vi,Vi+1) gives y(B) = 0.

ker(AT) = {0} = rank(A) = 12 = im(A) = F2*2

Therefore every binary configuration of the twelve faces is reachable. In particular, for any
selected face f, the vector with x(f)=0 and x(g)=1 for every other face g is reachable. Rotational
symmetry makes the choice of the remaining Black face irrelevant.

Why a simple colour-count parity argument fails

Each move toggles three faces, but the number of White faces can change by +3, +1, -1, or -3
depending on their current colours. Its parity flips on every move rather than remaining fixed.
Since an odd number of moves can produce an odd White count, there is no immediate obstruction
to eleven White faces. The rank proof establishes the stronger result of total reachability.

Appendix B. Claim-status matrix

The dodecahedron move matrix has rank 12 over F2. Proved here All binary face states are reachable.

P versus NP concerns efficient solution versus Established Useful as a bounded analogy.
verification.

P = NP would guarantee unlimited Al Rejected No such implication follows.
self-improvement.

Local interactions can generate global patterns. Cross-disciplinary support Supports relational state-space modelling.
Human-Al cognition can be analysed at system level. | Supported framework Does not imply shared consciousness.
Relational significance is path-dependent. RCT hypothesis Requires empirical testing.

Capability expands reachability but not necessarily RCT proposition Separates optimisation from significance.
meaning.

The Bridge is a separate conscious entity. Not claimed Bridge is a relation-level structure.
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